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Abstract

The effects of the Magnus force on a spinning sphere in a Keplerian orbit is investigated using perturbation theory. The result is
that the plane of the orbit will rotate with the angular velocity — AITO‘T ’;—gw, where o is the accommodation coefficient of tangential
momentum, m and n are the mass and number density of the surrounding gas, and where pg and @ are the mean density and the
angular velocity of the sphere. It is shown that under reasonable assumptions, for a spinning satellite in the Earth’s atmosphere,
this effect is small.
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1. Introduction

The motion of bodies in Keplerian orbits perturbed by the action of small Atmospheric forces have been the subject
of various investigations. Many results on this topic are found in the book by King-Hele, [1]. In [2], the atmospheric
influence on small debris particle orbits are studied. Further, the effects of time-varying aerodynamical coefficients
on satellite orbits is investigated in [3], where the action of periodic perturbative forces are calculated. In the present
investigation we will calculate the effects of another periodic force, namely the Magnus force exerted by a rarefied
gas on a spinning satellite in a Keplerian orbit. In doing this, we shall assume that this as well as other atmospheric
forces are small and thus only will affect the orbit of the satellite on the timescale of several orbit periods.

Under the assumption that the surrounding fluid is highly rarefied, the direction of the Magnus force acting on
a spinning sphere is opposite to what is the case in the continuum region. This may be explained in the following
way. We denote the angular velocity vector of the spinning sphere by , the velocity vector by v, and the outward
surface normal of the sphere by n. In the continuum region, the fluid velocity at the part of the sphere surface where
n - (o x v) > 0, the local fluid speed is increased by the viscous action of the sphere surface. Thus, by Bernoulli’s
theorem, the local pressure is here decreased. On the opposite side of the sphere, the local fluid speed is instead
decreased, and thus the local pressure is increased. Therefore a net force acting the sphere is produced, parallel to the
negative of the established pressure gradient, that is, in the direction of @ x v.
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In the case where the surrounding fluid is highly rarefied (where mean free path of the fluid is large compared to
the diameter of the sphere), the spinning sphere will hit molecules mainly on the wind-ward side. Upon hitting the
sphere surface, these molecules will be deflected by the sphere in the direction of the local surface velocity, that is, in
the direction of @ x v. The recoil action on the spinning sphere will produce a force of the opposite direction, that is,
directed parallel to —w x v.

In an intermediate region, these two effects will compete, and at a particular point cancel out. The Magnus force
acting on a spinning cylinder in this intermediate region is studied by means of Monte-Carlo simulations in [4].

2. Satellite orbit in a rarefied gas

In the absence of a surrounding fluid, only gravity acts upon the satellite, and Newton’s second law becomes

d*r GMms
m @:— 3 r. (1)

Here G is the gravitational constant, M and mg are the masses of the Earth and the satellite and r is the position vector
of the satellite with respect to an inertial system with its origin at the center of the Earth, and where r = |r|. In this
situation, the total translational mechanical energy (not including the energy of the spinning motion of the satellite) E,
the (orbital) angular momentum L and the Runge—Lentz vector A, of the satellite are conserved. These quantities are
defined by

ms | dr 2 GM ms
_ms|dr)® , )
2 |dt r
L dr 3)
=rxms—,
Sdr
and
d GM
A= - 22T (4)
dr r
The solution for the satellite orbit (i.e. a bounded orbit) is the well known Kepler ellipse [5] given by
a(l —e?)
=, 5
2 1 +ecosg )

where r and ¢ are the plane-polar coordinates in a frame with its origin at the centre of the Earth. The parameters a
and e are the semi-major axis and the eccentricity of the orbit. These can be related the conserved quantities (3) and
(4) according toe = A/GMmg and a(l — 62) = LZ/GMmSZ. At ¢ = 0 the satellite is at Perigee, the point where
the orbit assumes its smallest distance to the Earth. The Runge-Lenz vector (4) is directed from the origin towards
Perigee, and has the length A = GMmge. The time-dependence of ¢ can be obtained from conservation of orbital
angular momentum mgr2¢ = L (here ¢ means the time derivative of ¢) and the time of a period of the orbit T obeys
Kepler’s third law

4n’a’ = GMT>. (6)

Now the influence of the thin surrounding fluid on the orbit of the satellite is taken into account. In doing this we
shall make a few assumptions. First we assume that the satellite is spherically symmetric with a radius that is much
smaller than the mean free path of the surrounding fluid. Moreover, we also assume that the surrounding fluid is at
rest and that its temperature and number density only depend on the distance to the center of the Earth » = |r|. Thus
the temperature 7 and number density n to be used at a specific height are average values of these quantities at the
radius r. Further, we assume that the surrounding fluid can be approximated as a neutral, highly rarefied gas in its
interaction with the satellite’s surface. For the temperature of the surface of the satellite we assume that it is constant
over the body, but may depend on the height of the satellite, and implicitly (via r) also on the speed of the satellite. In
reality, this temperature is determined by the energy flux through the surface from the interaction with the molecules
of the surrounding fluid and also by thermal radiation.

We observe that for these assumptions to hold, for a satellite of a small enough size, the region under consideration
is the thermosphere and possibly above, and that the speed of the satellite here exceeds the thermal speed of the
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surrounding gas [6]. Thus we may calculate the forces and torques exerted on the satellite by the surrounding gas in
the high-speed limit. If we denote the temperature of the satellite’s surface by Ty, the drag force becomes [7]

27 [Ty |dr

In this expression, R is the radius of the satellite, o; is the accommodation coefficient of tangential momentum,
measuring the relative amount of the gas molecules incident on the surface of the satellite to be reflected diffusely.
Further, m is the mass of a gas molecule in the thermosphere and 7 is the number density of the molecules. Since the
satellite is spinning a Magnus force is also acting on it. In the present situation where the diameter of the sphere is
much smaller than the mean free path this force has the opposite sign compared to the corresponding force appearing
in the continuum limit [8], and is given by

P R? 2kpT
= ——mn
drag 4 m

dr
dr

m
2kpT

|:(1 +az)

F 27 R3 dr ®)
; s = —O;————MmMnw X —.
Magnus T 3 dr

Here o is the angular velocity vector of the sphere. Further, a torque exerted by the thermosphere is damping the
angular velocity of the spinning sphere. This torque (with respect to the center of the sphere) is in the present case

given by [9]
-1 (dr ) dr ©)

37 R*
oy ——mn

There are two time scales present in the motion of the satellite: the period time of the unperturbed Keplerian orbit t,
given by (6), and also the typical time by which the velocity and angular velocity decay under the action of the drag
force (7) and the torque (9). Using the expression for the drag force this decay time becomes

-1
2 2xkpT,
4= TTKB W:| 7 (10)
3 m

where pg is the mean density of the satellite. Far above the Earth’s surface, the drag force is small enough for this
decay time to be much larger than the orbit period time of the corresponding unperturbed orbit, 7. Due to the action of
the drag force a satellite in this region will slowly descend through a spiral shaped orbit, and as the height decreases
the number density of the surrounding gas will increase. Thus, at a certain height, the size of the satellite will no longer
be small compared to the mean free path. We shall refer to this height as the transitional height. For a spherical satellite
of radius 1 meter, this transitional height is approximately 130 km above the Earth’s surface. Below that height, the
forces (7) and (8), and the torque (9) will no longer hold.!

We will in the following use the values of the number density and the temperature at the transitional height, denoted
by n; and Ti, as the scales of the number density and temperature. Inserted into the decay time of the velocity given
by (10), this decay time will probably assume its minimum value. We introduce a non-dimensional number density
and a non-dimensional gas and satellite surface temperature according to

n=nn*(r), T=TT*r) and Tyw=TTy({). (11)

dr

dt

4
w__
9

dr

dt

3. Motion on two time scales

16 dr
—ﬂk[(waf) hd

3 mn dt

Next, we introduce the non-dimensional variables
t*=2rt/t, r*=rj/a and ©*=w/w;.

Here, g is the semi-major axis of the initial unperturbed Keplerian orbit, and t; is the corresponding period time given
by Kepler’s Law. w; is the absolute value of the initial angular velocity. With this scaling the non-dimensional Runge—

Uis likely that a somewhat similar set of forces and torques will act on the spinning satellite below this height [11], and the resulting motion
of the satellite may possibly be analysed in a way similar to the present investigation. This requires however that the decay time will remain large
compared to the period time of the orbit, which is the basis upon which the analysis below rests.



626 K.I. Borg, L.H. Soderholm / European Journal of Mechanics B/Fluids 27 (2008) 623-631

Lenz vector A* fulfils A* = A/GMmsg, and thus |A*| = e, the eccentricity. Further, we define the small parameter &
as the quotient between the period time t; and the damping time (10) according to
3 .
g= A (12)
16 PS R
Here we have assumed that the first term within the square brackets of (10) dominates. Typically, using mn; ~
1078 kg m—3 at the height of 130 km above the Earth’s surface [10], and using a satellite density corresponding to
a metal, £ ~ 10783-1077. The corresponding non-dimensional equation of motion is then given by (the *-superscript

will be dropped in what follows):
d’r r dr dr
F:—r—S—sn(r)[Oq 5‘+k2\/Tw(}’)>5 +k30)XE:| (13)

For convenience, the coefficients k1, k> and k3 have been introduced. These are given by

dr

VkpT:/2 8 Ruw;
b= ta), k= rykehjzmm 8 Rei (14)
3  2mai/T 32mai/T

It can be noted that the coefficients k; and k3 are proportional to the quotients between the thermal speed and the rota-
tional speed, respectively, of the unperturbed satellite motion and the initial translational speed. The non-dimensional
Euler equation of the spin angular momentum is then given by

de dr|  4ldr|"'/dr  \dr
— =—en(Nks||—|o— =|— — ||, (15)
dr dr 9| dt dr dr
where the constant k4 is given by
2
ks =or— (16)

157’

and where for simplicity we have used the moment of inertia 2mgR?/5 of a homogeneous sphere. At t =0, @ is the
unit vector parallel to the initial angular velocity.
Equations for the time evolution of E, L and A can be obtained from the equation of motion (13) and one gets

3 2
T| Vo] ). a7

dr dr dr

dL d d d

== —8n(r)<k1 d—:' —l—kzw/Tw(r))L +k3[(r : d—:>(u (- a))—r], (18)
da

dr

A = —sn(r){(Zkl ((11—:‘ +k2\/Tw(r)>d—r x L

dr

Tk dr\ dr Tk dr dr (19)
c— =X |\ — X -
\" dr / dt @ 3\’ dr @ dt

4. Solution with slowly varying parameters

dE
= —en(r) (kl

We now assume that the variations of the number density of the surrounding gas n(r) during one period is negligi-
ble. This is a valid approximation if the eccentricity of the orbit is not too large and if n(r) is not a too rapidly changing
function of r. When this is done we make the anzats that the forces and torques that stem from the surrounding gas
will influence the orbit only on a time scale defined by 7 = &, much slower than the time scale ¢ of the unperturbed
orbit. Technically this means that the time-derivative is split into two parts according to

d a a

TARFTRA TS
Accordingly, the energy, the orbital angular momentum and the Runge-Lenz vector are then regarded as functions of
both ¢ and 7, and are expanded in the small parameter & according to E = Eo(¢t,7) +e E{(t,f) +--+, L = Lo(t, ) +
eLy(t,f)+---and A = Ao(t,f)+€A(t,)+ - --. The position vector r and the rotation @ are expanded in the same
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way. Since the quantities Eg, Lo, Ag and o do not change during a period, Egs. (17), (18), (19) and (15) to order
zeroin ¢ give Eg = Eg(f), Lo = Lo(f), Ag = Ap(f) and g = wo(f ). We will not pursue the slow-time evolution of
o further.
To first order in ¢, the equation for the energy E becomes
0E;
- = n(ro)<k1 -

2
a7 57 + kv Tw(ro) | = ) (20)

Now the second term on the right-hand side is a periodic function in the fast time variable ¢. This means that it can
be expanded in a Fourier series. The constant term in this expansion, which is the period average of the expanded
function, will cause a linear growth of E; with ¢# and will thus give a term in E proportional to e which will cause a
breakdown of the perturbation for times of the order of the damping time. The idea is now to avoid this by requiring
that the slow time derivative of Ej in the left-hand side of (20) cancels this constant term [12]. This gives, if the
average value over a period of a quantity f is denoted by ( f),

IE 2
=2 = —n(ro) [m( = ﬂ b

where we have used the fact that n does not change over a period. This equation describes a decrease of the energy
of the orbit with time. This is due to the action of the friction force. The Virial theorem states for an unperturbed
Keplerian orbit, with kinetic energy 7T and total energy E, that (T') = —(V')/2, and thus, with the present scaling,

()
E=—-(—).
2\ |rol

It is easy to see that Eq. (21) implies that (|ro|) decreases, as expected. For the special case of an initially circular
orbit, we have

dEy argo 3 arg

arg arg

3
p > +k2<\/ TW(VO)

arg

Fri —n(ro)[k14/70 + kay/ Tw (ro) ro . (22)

In the same way, we get from (18) the slow time derivative of Ly
0

oL 0 0
250 oro +k2\/Tw(ro)>L0>—n(ro)k3 [<("0 : ﬂ)wo>—<<ro-wo>§>} (23)

ol ( or
= —n(r
ar VO, ot

This equation can be simplified if one observes that exact derivatives of periodic quantities with respect to ¢ vanish
when averaged over a period. That is, if f is a periodic quantity we have

T

af\ 1 af _l B _
<5>—;/5dz— FL/(D = f@]=0.

0

The first term within the square brackets of (23) can be written as (% (Irol?wo/2)) and thus vanishes. The second term
within the square brackets can be rewritten as (remember that @ is independent of the fast time 7)

( ) org d [ (wg-ro)ro 1 I3
ro- wy)y)—=—| —| — —wo X .
O T 2 20 0
When taking the average over a period the exact time derivative vanishes and the following equation for L results:

oL
KU —n(r0)<<k1
at

where the first part reflects the effect of the atmospheric drag on the contraction of the angular momentum, while the
second part reflects the rotation of the angular momentum vector by the Magnus effect. The slow-time evolution of
the absolute value of L, denoted here by L, can be obtained by taking the dot product of Eq. (24) with L, and one

gets
dLg aro
- = ky|—
57 n(ro)<<1 57

or 1
3—t°‘ +kay/ Ty (r0) >>Lo — 5n(o)ks @0 x Lo, 4

+ kav/ Tw(ro)> >Lo- (25)
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It is clear that Lo decreases with time, at a rate that is determined by the mean speed, the mean value of the surface
temperature and by the number density of the surrounding gas. Further, if we denote the unit vector normal to the
plane of the orbit by e, we can write Ly = Loe, and thus

dLg 0dLg dep
— = —=€ Lo—.
a7 o7 T Lo
This is substituted into (24), and using (25) we get an equation for the normal vector e, of the plane of the orbit:
de 1
— = ——n(ro)k3wo X en. (26)
ot 2

Thus, if @o has a component in the plane of the orbit, the plane of the orbit will rotate slowly with an angular velocity

parallel to the negative of this component of @q. In dimensional units, the rotation of the normal vector is given by
de 1 mn
—nz—a,——wo X ey. 27
dt 4 ps

The speed of this rotation is also determined by the number density of the surrounding gas. The friction force does not
enter into the equation of ey,. It is clear from (27) that the largest orbital plane changes occur when the spin is aligned
with the orbital plane.

The Runge-Lenz vector is governed by the equation

94 _ —2n(r0)<(k1 oro| | kZN/Tw(ro)> % x L0>

gfo
ot ot
oro\ org arg org
- k — )| — — k | — — ). 28
n(ro) 3<<r0 at) o7 ><w0> n(ro) 3<[r0 <8t Xwo)] 8t> (28)
The last time average term vanishes, since

aro org L
Fo:-| — X W =Wy (Fro X — ) =wo- ,
0 9t 0 0 0 9t 0 0

is independent of ¢ and thus the term is an average of an exact time derivative. If f and g are periodic quantities, we
must have, from integration by parts,

(-o-(21)

Therefore the second term in (28) may be rewritten according to (remember that @ is independent of the fast time #)

, aro a”’xw NG aroxw LG azroxw
O ) ar T T e\ 2 ) TP T\ 2 a2 )

Using the equation of motion (13) to order zero in ¢,

327'() ro
oz T
ot o
we get

r(% 327'0 1 ro
(= — xw =—wy X{——).
2\ o2 7)) 720 70
We also know that
31‘0 ro
Ao = (Ao) =<— X L0>—<—>-
Jat ro

As Ly is independent of ¢ the first term here on the right hand side vanishes. Thus we finally get for the second term
in (28)

r oro aroxa) —lw X A
0 ot 9t 0—2 0 0,
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and the equation for the Runge-Lenz vector becomes

0A 0 1
20 —2n(ro)<(k1 ar + kZ\/Tw(r())) (Ao + i—;’)> — Sn(roks @0 x Ao. (29)

oro
at t
In this expression, we have used the definition of A in the first term on the right-hand side. Taking the dot product of
this equation with Ag one gets (here |Ag| is denoted by Ag)

%‘ + ko/To(r0) ) <Ao + :—(?) : A0>. 30)

We now define a vector of unit length e, pointing to the Perigee by Ag = Agep. Using ro - Ag = roAgcos¢y and
Ag = (—ro/ro) we get

3 Ao
Ag——= = —2n@ro){ | k1
ot

ro

Thus we get from dividing (30) with Ag:

20 (i 22|k Tty ) s + o))

a7 ar
It is obvious that (—({cos¢g) + cos ¢g) = 0. Since the speed is larger when the orbit is close to the Earth (that is, since
the speed is a positive, growing function of cos ¢gp), we must have

d
<’§’(—(cos¢o) + cos¢0)> >0.

It is reasonable to assume that Ty, is a decreasing function of rg. This is due to the fact that as r( increases, the speed
decreases, and thus the surface temperature 7y, will decrease due to the decreased amount of translational energy
brought to the surface by the molecules of the thermosphere. Under this assumption we get

(VT (o) (— {c0s ¢0) + cos o)) > 0,

and thus
d0Ag arg
a7 = —2n(ro){ | k1 o + kay/ Tw (ro) ) (—({cosgo) 4 cosgp) ) <O, (€29

where the equality holds when the orbit is a circle. This equation thus states that Ay, or the eccentricity, decreases
with time: An initially elliptic orbit will become more and more circular. A Taylor expansion of the right-hand side
for the case of a small eccentricity orbit yields to first order in the eccentricity

dA T,
O _ i) [kl Ck W((ro))(ro)}AO‘
ot 2y Tw((ro))
Again, if the surface temperature decreases with height, the derivative T, ({ro)) is negative. In this case, (32) predicts
a decay of the eccentricity, and a circular orbit stays a circle. This agrees with the results obtained in [2]. It is here

consistent to use (22) as describing the decay of the mean orbit radius (r) and rewrite Eq. (32) for Ag = Ag(f) as an
equation for Ag = Ag({(rp)), which yields

dIn(Ag)  2ki/Tw((ro)) — ko Ty ((ro)) (ro)

(32)

qr0) 2T ClroD T + kTl o
This equation can now be integrated, and if we denote the initial mean orbit radius by (r¢); we get
(ro) ,
Ao((ro)) = Ao((ro)i) expl / VI kT s } (34)
2ki/Tw(8)s + kT (5)

(ro)i
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An equation for the Perigee vector e}, can be obtained from Eq. (29) in much the same way as the equation for the
normal vector e, was obtained from (24). Using here that the term perpendicular to e, and e, appearing in the first
term on the right-hand side of (29) is proportional to

<[/€1 oo + koy/ Tw(rO)] Sin<,00>

and thus vanishes as sin ¢ is odd in ¢( but the other terms are even, we get

8_e~p = —ln(ro)k3wo X ep. (35)
df 2 P

For a circular orbit the rotation of Perigee is not well defined, and the effect prescribed by (35) is collapsed into a
slowly varying change in the phase of the orbit.

An estimate of the arc length As the orbital plane has rotated can now be obtained. For simplicity we will focus on
a circular orbit of radius r. If we denote the angular velocity vector of the rotation of the plane of the orbit by y, we
have from (27) that

1 mn
=—0;——®
Yy T4PS 0-

If 7 is the average radius of the orbit during the time interval At and if y = y|;—9 we may approximate the arc length
As according to

As ~ |p|rAt.

If we now denote the orbit contraction during Az by Ar, we have
As |y |F
Ar  Ar/At

The quotient Ar/At is now approximated with

drg
dr |._-

r=r

’

which becomes, through (22) in dimensional units,

drg 3 mn 1 or [2kpTyw (7).
) __ - - 1 ST A ik A
& | .= "4z ps R|:7T( +“f) a3V,

r=r

and we get

1 ~
As _ar4’;l;l|0)0|r

~

Ar . [ 2kpTy(F 1
_%%%[n(l+at)rr_i+% / kBm (r)r]

Using the rough estimate 7 ~ rg (the radius of the Earth) we have
As |wo| R
Ar rg/ti+2kpTy(rg)/m’
In this expression, the number density drops out. As an example, consider a satellite in an orbit at the initial height
300 km above the Earth, rotating with 1 revolution per second with an angular velocity @( parallel with the plane
of the orbit. If the satellite has the radius 1 m this means that the transitional height is 130 km, where the mean free
path is around 10 m. The speed of the satellite is here much larger than the thermal speed of the surrounding gas. The
temperature of the surface of the satellite is larger than the temperature of the surrounding gas, but since the thermal
speed is a slowly growing function of the temperature, we conclude that in the present situation the second term in the
denominator of (36) can be neglected. Then we find that during the contraction of the orbit from 300 km to 130 km
the angle the orbit has rotated an angle 10~* radians, which corresponds to the orbit turning As ~ 20 m. Thus in this
particular context the effect is small.

(36)
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5. Conclusion

It has been shown that the action of a thin atmosphere makes the orbit of a spinning spherical satellite to slowly
rotate, apart from slowly contracting the orbit radius. The angular velocity of this rotation was found to be parallel to
the negative of the angular velocity of the spinning satellite, and is given by

1 mn
o 2 Py (.
This means that the component of wq parallel to the plane of the orbit will turn the plane of the orbit, whereas the
component of @y orthogonal to the plane of the orbit will rotate the Perigee of the orbit. Under reasonable assumptions,
the effect on a spinning satellite in the Earth’s atmosphere is small. The eccentricity of the orbit is found to decrease
under reasonable assumption for the temperature of the surface of the satellite. This is in agreement with previously
obtained results.
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